DEGENERATION OF LINEAR SYSTEMS THROUGH FAT 
POINTS ON K3 SURFACES 
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Abstract. In this paper we introduce a technique to degenerate K3 
surfaces and linear systems through fat points in general position on 
K3 surfaces. Using this degeneration we show that on generic K3 sur- 
faces it is enough to prove that linear systems with one fat point are 
non-special in order to obtain the non-speciality of homogeneous linear 
systems through n = 4" 9™ fat points in general position. Moreover, we 
use this degeneration to obtain a result for homogeneous linear systems 
through n = 4 u 9 m fat points in general position on a general quartic 
surface in P 3 . 



1. Introduction 

In this paper we assume the ground field is the field of the complex numbers. 

Let S be a smooth projective generic K3 surface (i.e. Pic (S) = Z) and let 
H be the generator of Pic (S). 

Consider n points in general position on 5, to each one of them associate 
a natural number rrtj called the multiplicity of the point and let rij be the 
number of pi with multiplicity m;. 

For a linear system of curves in \dH\ with rij general base points of mul- 
tiplicity ui j for j = l---k, define its virtual dimension v as dim|dff| — 
~Y^nimi{mi + l)/2 and its expected dimension by e = max{u, — 1}. If the 
dimension of the linear system is I, then v < e < I. 

Observe that it is possible to have e < I, since the conditions imposed by 
the points may be dependent. In this case we say that the system is special. 

Linear systems through general fat points on rational surfaces have been 
studied by many authors (see e.g. jGimSfll lHar85l l( ;iV1981 ICMOI] ). but, as 
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far as we know, on K3 surfaces, no results on the non-speciality of such 
systems are known. 

In section |3] we develop a technique to degenerate a K3 surface and linear 
systems through fat points on K3 surfaces, this degeneration is similar to 
the degeneration of the plane used in [BZ03 . 

In the subsequent section, we use this degeneration to prove that, a ho- 
mogeneous linear system of curves in \dH\ with n general base points of 
multiplicity m is non-special if all linear systems of curves in \dH\ with one 
multiple base point are non-special. 

Finally, in sectional we prove conjecture |DL03[ Conjecture 2.3 (i)] for homo- 
geneous linear systems of curves in \dH\ with 4 U 9™ fat points of multiplicity 
m, if either v > — 1 or v < — 1 and u > or 2d ^ 1 mod 3. 



2. Preliminaries 

Let S be a smooth projective generic K3 surface and let H be the generator 
of Pic (S), then H is ample, H 2 = 2g — 2 > 2 and h°(H) = g + 1; moreover 
H is very ample if g > 3 and if g = 2 H defines a double covering of P 2 
branched at an irreducible sextic (see May72[ Proposition 3]). 



Consider Qi, - • • , Q n points in general position on S, for each one of these 
points fix a multiplicity mi, . . . ,m n . Define C = £ 7 (c!,mi, . . . ,m r ), with 
7 = H 2 = 2g — 2, as the linear system of curves in \dH\ with multiplicity 

rrii at Qi for all i. Let v denote vdim(£), then, using dim \dH\ = if + 1, 
we obtain that 

v = l^ + 1 _j2 m ^ + 1) (2.1) 

i=l 

Let S' be the blowing-up of S along the points Q\, ■ ■ ■ , Q n , it : S' — > S the 
projection map and Ei the exceptional divisor corresponding to Qi. The 
linear system C then corresponds to the system ir*(\dH\) (g> Os'(—miEi — 
■ ■ ■ — m n E n ). By abuse of notation, we will denote this linear system on the 
blowing-up also by £ 7 (d, mi, . . . , m r ). 

Similary, by £ 7 (d, to" 1 , . . . ,my v ), we denote the linear system of curves in 
\dH\ with m points (in general position) of multiplicity mj (for all i = 
1, . . . , n) as well as the corresponding linear system on the blowing-up of S 
along those ni + • • • + n y general points. 

Let Z = J27=i m iQi be the O-dimensional scheme defined by the multiple 
points and consider the exact sequence of sheaves: 

^O s (dH)®l z ^Os(dH) ^O z ^0 

where Tz is the ideal sheaf of Z. Taking cohomology we obtain 

v = h°(O s {dH)®l(Z)) - h l (O s {dH) ®T{Z)) - 1, (2.2) 
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because h^OsidH)) = (see e.g. |May72| ). 

Let e denote the expected dimension of the linear system C, i.e. e = 
max{— l,v} and let I denote the dimension of C. Then obviously we have 
that v < e < I. 

If e < I (resp. e = I), we say the linear system C is special (resp. non- 
special). Note that equation (12. 2[) shows that a non-empty linear system £ 
is non-special if and only if h l (C) = 0. 

3. DEGENERATION OF LINEAR SYSTEMS ON K3 SURFACES 
3.1. The degeneration of a K3 surface. 

Let S be a K3 surface and A a complex disc around the origin. Consider 
the product V = S x A and its two projections q\ : V — > S and q2 ■ V — > A. 
Let Vt denote S x {t}. Consider b general points in Vq and blow up V along 
those b points. We then get a new threefold X and the maps it : X — > V, 
pi = qi o tt : X — > A and P2 = <?2 ° tt : X — > 5; i.e. we obtain the following 
commutative diagram 




A 5 



Let X t be the fiber of p 1 over t G A. If i / then X t = T4 is our ET3 
surface S. But, Xo is the union of the proper transform S of Vq and the b 
exceptional divisors Pj. Obviously each Pj is isomorphic to P 2 and S is the 
blowing-up of our K3 surface S at the b general points with projection map 
b : S ^ S. 

Every Pj intersects S transversally along a curve Ri, which is a line in Pj 
and an exceptional divisor on S. When we want to indicate that we consider 
Ri in S, resp. Pj, we denote it by Ei, resp. Lj. 

Note that the map p\ gives a flat family of surfaces over A, so Xq can be 
seen as a degeneration of S. 

3.2. The degeneration of a linear system on a K3 surface S. 

Let £ be a line bundle on S, and, for k G Z, define the line bundle Ox(£, k) 
on X by 

O x (C,k) = P *(£)®O x (kS). 
The restriction of Ox{C, k) to X t , for t ^ 0, is then isomorphic to £. 
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The restriction of Ox(£,k) to Xq, which we denote by X(C,k), is a flat 
limit of the line bundle C on the general fiber Xt, so X(£, k) can be seen as 
a degeneration of the line bundle C. 

On any Pj, we have that X(£,k)\ Pi = O x (£,k)\ Pi = O p2 (fc), since S 
intersects Pj along a line. 

On S we obtain that 

X(C, k)\~ s = O x {C,k)\~ s = p* 2 {C)\~ s ® O x (kS)\ § . 

But, since S ~ X t — Yl\=i P« as divisors on X and Pj intersects S along R4, 
this means that 

b 

X(C, k)\ § b*(C) ® ^ fc£?i). 

i=l 

Let Qi, ■ ■ ■ ,Q n be general points on S*, consider a zero-dimensional sub- 
scheme Z = rriiQi + • • • + m n Q n and let M. be the sheaf £ <8> Iz, where Tz 
denotes the ideal sheaf that defines Z. Choose positive integers ai, . . . ,a& 
such that ai + ■ ■ • Oft < n. Now, for all i G {1, . . . , b}, consider general 
points on P,; and take n — 5^;=i a « general points on S. Denote those 
n points (on the Pj and S) by Q\ (any order will do), and let Z' be the 
zero-dimensional subscheme of Xq given by m\Q' x + ■ ■ ■ + m n Q' n . 

Then we obtain that fe) <g) T^' is a degeneration of .M. 

3.3. Homogeneous linear systems on generic K3 surfaces. 

Let S be a generic K3 surface and consider a homogeneous linear system 
£ = a(d,m n ) on S. 

Choose positive integers b and a such that ab < n, let X and fc) be as 
constructed before. For all 1 < % < b and 1 < j < a, let Q\j be a general 

point on Pj and for 1 < j < n — ab let Q\ be a general point on S. Now 
consider the zero-dimensional subscheme 

n—ab 

Z' = ™Q'i + mQ-j, 

i=l i=l,.. .,6 

j'=l,...,a 

On Xo define £0 := X(£, &) ®1z', £% '■= A) I Pi an d := Then we see 

that a divisor in the linear system £q on Xq consists of a divisor Dg G £g 
and divisors Di G £j such that ^gli^ = AU, for all i. 

Notation 3.1. 

/ = dim£, ?o = dim£o) ^P = dim £3, = dim£<j 

U ~S = C s\ul =l E^ r S = dim7Z S 
Ki = £p|Li, r F = dimT^j 

h = C ~S ® Dti #i)> *s = dim ^5 
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£i = Li® Pi (-Li), f P = dim£j 
Obviously we have the following 

l s = r s + k + 1 

l p =r P + f P + 1. (3.2) 

Let TZuLi denote the linear system on U b =1 R{ for which TZuL^Ri = and 
denote ruL t = dim7^uLi- Then we have the following equality 

l = dim(7£ g n TZ uLl ) + 6(f P + 1) + Z§ + 1 (3.3) 

But, proceeding as in |BZ031 §2], we obtain the transversality of 7Zg and 
TIul,] i-e. 

dim(7?.<=, n TZuLi) = max{-l , rg + r uLi -bk} 

= max{ — 1 , + brp — bk}. (3-4) 

For the virtual dimensions of the systems we introduce the following 

Notation 3.2. 

v = vdim C 

vp = vdim£j, = vdim£g 
Vg = vdim£^, -Op = vdim£j 

Since C = a{d,m n ), C~ s ^ C{d, k\ m n - ab ), £ § s £7(d, (jfe + l) b , m n - ab ), 
d = C(k,m a ) and £% = C(k — l,m a ); a simple calculation shows that 

v = v^ + bvp + b = v^ + b (vp — k) 
= ijg + bvp + b = + b(v P + k + 2) (3.5) 

3.4. Remark. 

Let 5 be a i^3 surface, C a line bundle on S and let X and X(C, k) be as 
before. 

Now do the construction of § 13. H and S l3.2l using Xq in stead of 5 and X(C, k) 
(or X(C,k) ®Tz') in stead of C (or C ®Iz)\ i.e. consider W = Xq x A, 
blow up W along b' general points on S x {0} C Wo = Xq x {0} and obtain 
the following commutative diagram 



Y 




A X 
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So we obtain a degeneration of Xq, and a degeneration of ^(jCjA;) (or 

We call this a double degeneration of S 1 and £ (or C®Iz), and, continuing in 
the same way, we can obtain an 77-uple degeneration of S and £ (or £®Iz), 
for any 77 > 2. 



4. Applying the degeneration to homogeneous linear systems 

on generic k3 surfaces 

From now on we assume that we work on a generic K3 surface S, with 
H 2 = 7, where H is the generator of Pic S. 

The main result of this section is the following 

Theorem 4.1. J/£ 7 (d, /i) is non- special for all /i, then C = £ 1 (d,m n ) with 
n = 4: U 9 W is non-special for all positive integers m, u and w. 

To make the proof of this theorem more transparent we first fix some nota- 
tion and state a few auxiliary results. 

Let c € {4, 9} such that c|n and consider the degeneration (Xq,£q) of (S, £) 
obtained by using the construction explained in §|2]with b = n/c and k £ N. 
Note that, since £0 is a degeneration of £, Iq > I > e > v. 

On P 2 , let £(5,fi l/ ) denote the linear system of plane curves of degree 5 
having multiplicity fj, at v points (in general position). 

The following is a well know result, and can easily be checked using for 
instance the results of Har85 . 

Lemma 4.2. On P 2 the linear system £(5, fi c ) with c £ {4, 9} is non-special 
for all 5 and /i. □ 

Remark 4.3. Lemma 14 . 21 implies in particular that £{ and £i are non-special 
linear systems on Pj. 

Claim 4.4. If v > — 1, Vg > — 1, vp > —1 and £g and £g are non-special 
systems; then dim(7?.g n = r^ + br-p — bk. 

Proof. Note that the conditions of the theorem immediately imply that 1^ = 
Vg and lp = vp. 

Since dim(7£g n T^ulJ = max{— l,rs + brp — bk}, it suffices to show that 
+ brp — bk > —1. 

Because of (j3.1|) and (|3.2|) . we have that 

rg + brp — 6 = — — 1 + b (lp — lp — 1) — b k. 
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If vz > — 1 and vp > — 1, then = v^ and lp = vp. So 

r-g + brp — bk = Vg — Vg — \ + b (vp — vp — 1) — b k 
= b(k + 1) - 1 > -1. 

If tig < —2 and vp > —1, then /g = —1 and lp = vp. So 

r^ + brp — bk = Vg + b (vp — vp — 1) — b k 
= v~ s >-l. 

If Vg > —1 and t)p < —2, then = vg and lp = —1. So 

Tg + brp — bk = Vg — Vg — 1 + bvp — bk 
= b(l + v P ) - 1 > -1. 

If Vg < —2 and t)p < —2, then = —1 and lp = —1. So 
r-g + brp — bk = Vg + b (vp — k) 
= v > —1. 



□ 



Lemma 4.5. If v > —1, t>g > —1, up > —1 and £g and £g are non-special 
systems; then C is non-special. 

Proof. Because Co is a degeneration of C, we know that v < I < Iq; so it 
suffices to prove that Iq = v. 

Using (|3.3|) . Q3.4|) and claim l4~4l we obtain that 

= r§ + 6r P - b k + b (f P + 1) + Z§ + 1. 

So, using 1)3.1 Jl and (|3.2|) . we see that 



= ^5 + & (^P — k) = i>s + b (vp — k) = v. 



□ 



Lemma 4.6. Lei C = £ 7 (d, m n ) n = 4 M 9 W ; d, m, u, w S N, u + w > 
and v > —1. Ta/ce c, b, Xq and Cq as before. Then 3 k £ N such that 
Vg > — 1 and up > —1. 

Proof. Because v^ = ^d 2 + 1 — ^M^Lhll anc [ Up = k ( k + 3 ) _ G w(m+i) ^ ^ ne 
inequalities Ug > — 1 and wp > — 1 are equivalent to 

k 2 + k-a<0, with a = ^(7d 2 + 4) and (4.1) 
k 2 + 3k - P >0, with j3 = cm(m + 1) - 2. (4.2) 
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But this is the same as 

-1 - yjl + 4a -1 + VI + 4a 



k G 



fc G 



and 



-oo, 



-3- V9 + 4/? 



U 



-3 + ^9T4^ 



oo 



(4.3) 



(4.4) 



So proving the statement is equivalent to proving that there exists a positive 
integer k such that both (|4.3|) and (|4.4j) are satisfied, i.e. it is enough to 
show that 

-3 + VWTW 1 < -1 + VTTIo" 

2 + - 2 

A simple calculation shows that the previous inequality is equivalent to 
a > (3 + 2, which is in turn equivalent to v > — 1. □ 

Lemma 4.7. Ifv< —1, v^ < — 1, vp < — 1 and £g and £g are non-special 
systems; then C is non-special and thus empty. 

Proof. Since = + b(k + 1) and vp = vj> + k + 1, we see that t> g < 
/(A; + 1) — 1 and vp < k. 

If < —1 and vp < —1 then rg = rp 



-1. If < —1 and vp > — 1, 



then = —1 and rp = vp < k. If > — 1 and up < —1, then rg = 
Vg < b(k + 1) — 1 and rp = —1. If Vg > —1 and vp < —1, then rg = v^ 
and rp = vp. So in any case we obtain that rg + 6rp — bk < —1, i.e. 
dim(%n7£ UL J = -1. 

Using (j3.3j) and Zg = Zp = — 1, we see that io = l§ + k(lp + 1) = — 1. □ 

Lemma 4.8. Let C = £ 7 (d, m n ) with n = 4 U 9 W , d,m,u,w G N, u + w > 
and f < —1. TaAe c, 6, Ag and £q as before. Then 3 k G N smc/i £/iat 
ug < —1 and up < — 1. 



Proof. Because v~ = \d 2 + 1 — fr ( fc+1 X fc + 2 ) an( j £ p 



(fc-l)(fc+2) 

J S 2" x " 2 a,ii ^ ^ — 2 

the inequalities < — 1 and tip < — 1 are equivalent to 



jn(m+l) 



1 



/r + 3fc - a > 0, with a = t(7^ + 4) - 2 and 
A; 2 + k - j3 < 0, with (3 = cm(m + 1). 

Proceeding as in the proof of lemma 14.61 we obtain that it is sufficient to 
prove that 

-1 + VI + iff -3 + V9 + 4a 



2 ~ 2 

which is equivalent to ff > a + 2. And this last inequality is equivalent to 
v>-l. □ 

Proof of theorem \4-l\ 

Using induction, the result follows immediately from lemma's 14.51 and 14.61 if 
v > —1, and from lemma's 14.71 and 14.81 if v < —1. □ 
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4.1. Using a higher order degeneration. 

Using the 77-uple degeneration explained in Remarl J3~4l we can, proceeding 
as above, prove that the non-speciality of £ 7 (ci, n±, . . . , fj, v ) for all /ij, . . . , /i^ 
implies the non-speciality of C = £ 7 (<i, m" 1 , . . . ,m^ v ) with rii = A Ui 9 Wi for 
all mi, . . . , m v , u\, . . . , u v ,wi, . . . , w v . 

As we will see in section IB~3l proving the non-speciality of systems £ 7 ((i, fj,) 
is already rather complex. In fact, in section fKT3l we only prove when such a 
system is non-special for general generic K3 surfaces with 7 = 4. 

4.2. Remark. 

As proved in |CM01l Theorem 6.1], the Segre conjecture on planar linear 
systems through fat points implies that the only special homogeneous linear 
systems C(k,m n ) are the ones with n G {2,3,5,6,7,8}. So if the Segre 
conjecture is true, we can do the degeneration using, not only a = 4 or 9, 
but a G {4} U Z>g. In this way we can then prove theorem 14.11 for any n 
which can be written as a product of powers of numbers in {4} U Z>g, and 
thus in particular for any n > 9. 

5. The non-speciality of linear systems £ 7 (<i, m n ) with n = 4"9 W 

ON GENERAL GENERIC K3 SURFACES WITH 7 = 4 

The main result of this section is the following 

Theorem 5.1. Let S be a general generic K3 surface with 7 = 4 and let 
C = £ 4 (d,m n ), with n = 4 U 9 W , u,w G Z> and d G Z >0 . 

(1) If v(C) > —1 then the linear system C is non-special. 

(2) If v(C) < —1 and either u > or 2d ^ 1 mod 3 then C is non-special 
unless n = 1, m = 2d and d > 2. In the latter case dim(£ 4 (d, 2d)) = > 
edim (£ 4 (d, 2d)) = —1 and >C 4 (<i, 2cZ) = dC , with C the unique element of 
C\l,2). 

Remark 5.2. Note that the previous theorem implies that |DL03l Conjec- 
ture 2.3 (i)] is true for homogeneous linear systems with n = A u< d w fat points 
on S in the following cases 

(i) v > —1, or 

(h) v < — 1 and u > 0, or 

(hi) v < — 1 and 2d ^ 1 mod 3. 

We will prove theorem 15.11 by using the degeneration as introduced in §0 
and the following 

Proposition 5.3. Let S be a general generic K3 surface with 7 = 4. Then 
C = C 4 (d, fj,), with d, fj, G Z>o, is non-special unless \x = 2d and d > 2. In the 
latter case dim(£ 4 (d, 2d)) = > vdim (£ 4 (d, 2d)) = -1 and C 4 (d, 2d) = dC , 
with C the unique element o/£ 4 (l,2). 
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Proof. The map : S — > P 3 corresponding to \H\ (with H the generator 
of Pic 5) is an embedding, so we may look at S as a quartic surface in P 3 . 
The unique element C of £ 4 (1, 2) is then the divisor on S C P 3 defined by 
the tangent plane to S at this general point P. So C is an irreducible plane 
curve of degree 4 having a node at P (and no other singularities). 

Blow up S along the point P, and, by abuse of notation, let £ 4 (d, fi) also de- 
note the complete linear system on this blowing-up corresponding to £ 4 (d, //) 
on S. Let C denote the strict transform of C on this blowing-up, then 
9(C) = 2. 

Assume \x = 2d (d > 2) and consider the following sequence 

^£ 4 (d - 1, 2d - 2) ^£ 4 (d, 2d) ^£ 4 (d, 2d) ® 0^ ^0. 

Because deg(£ 4 (d, 2d) ® O-) = = 2g(C) - 4, we know that /i°(£ 4 (d, 2d) ig> 
O-) = unless £ 4 (d, 2d) <S>O d = Oq. But £ 4 (d, 2d) <g> Og = \dg\ - 2d(Pi + 

P2)|, where Pi and P2 are the intersection points of C with the exceptional 
curve. So this would mean that \dg\ — 2d{P\ + P2) | = Oq. But, since P is a 
general point on the general quaritc S, we know that g\ = \Kq + P\ + P2I; 
so we would obtain that \dK^ — d(P\ + J^)| = Og, or thus that = 
|d(Pi + P2)|, which is not true (because P is a general element of S). So 
h (£, 4 (d,2d)) = h°(C 4 (d - l,2(d - 1))) for all d > 2. Using this a number 
of times we thus obtain that h°(C A (d,2d)) = /i°(£ 4 (l, 2)) = 1, so dC is the 
only divisor in L (d, 2d). 

It now follows immediately that dim£ = — 1 if > 2d + 1, since the only 
divisor in £ 4 (d, 2d) has multiplicity exactly 2d in P. 

Now consider the case fj, < 2d — 1. If we can prove that £ is non-special 
for fi = 2d — 1, then the non-speciality follows for all /x < 2d — 1 (since 
vdim£ 4 (d, 2d — 1) = d + 1). For d = 1, there is nothing to prove, since 
P is a general point of S. So we may assume that d > 2 and that the 
£ 4 (d',2d' — 1) is non-special for d! < d — 1. Now consider the following 
sequence 

^£ 4 (d - 1, 2d - 3) ^£ 4 (d, 2d - 1) ^£ 4 (d, 2d - 1) ® O d *0. 

Because deg(£ 4 (d, 2d-l)®0g) = 2 = 2g(C)-2, we know that /i 4 (£ 4 (d,2d- 
l)(g)Og) = unless £ (d, 2d— l)(g)(9g = ifg (the canonical class on C). But 
£ 4 (d, 2d) ® C 5 = \dgj - (2d - 1)(P 1 + P 2 )| and g\ = \Kq + Pi + P 2 \ (where 
Pi and P2 are, as before, the intersection points of C with the exceptional 
curve). Then this would mean that |(d— 1)Kq\ = \(d— l)(Pi +P2)|, which is 
not true (because P is a general element of S). So h l (C A (d, 2d— l)(g>0g) = 
and, by hypotheses, ^(^(d - 1, 2d - 3)) = 0, thus also /i 4 (£ 4 (d, 2d - 1)) = 
0. □ 



Proof of theorem \5.1\ 
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(1) In case n = 1 we are done because of proposition So we assume 
n > 1, or equivalently u + w > 1. As in the proof of theorem 14.11 we 
can use lemma's 14.51 and 14.61 but we have to end the induction with a 
class Cg = C 4 (d,fi) such that \i ^ 2d and \x ^ 2d — 1 (in order to apply 

lemma 1331 we need to have £g and £g non-special). So, it is enough to 
prove that, in case u + w = 1, we can take k such that vz > —1, vp > — 1 
and A; ^ {2d, 2d — 1}. Since now > —1, is equivalent to < 2d — 1, it is 
enough to prove that vp > —1 for k = 2d — 2 (which then implies that you 
can always take k = 2d — 2 in the last step). Now, vp = fc ( fc + 3 ) — c m ( r ^+ 1 ) ^ 
so, for k = 2d — 2, we obtain vp = 2d 2 — d — 1 — c m (™ +1 ) _ Since u + w = 1, 
we have that c = n, so c m (™ +1 ) = 2d 2 + 1 — -y, and we see that vp > —1 for 
A; = 2d — 2 if and only if v > d + 1. Now, we only know that u > —1, and 
c = n G {4, 9}, but a simple calculation shows that in case n = 4: 

u > -1 ^> m < d - 1 <==> u > 1 + 2d. 

In case n = 9, we may assume that d > 4, since for d < 3, we obtain that 
v > —1 is only possible if m < 1. And, a simple calculation then shows that 

2d - 2 

v > — 1 <^=^ m < <^=^ v > 2 + d 

- 3 

(note that, if m = ^p-, we obtain v = 2 — d < —1, since d > 4). 

(2) Again, if n = 1 we are done because of proposition 15.31 So we assume 
n > 1, or equivalently u + to > 1. As in the proof of theorem 14.11 we 
can use lemma's 14.71 and 14.81 up to the last step. For this last step, we 
have c = n and 6=1, and we will take k = 2d. In this case, we can 
no longer use lemma H~7I since £g is special. If we can prove however that 

dim(7£g n TZulJ = 1$ = lp = —1, then we still obtain Iq = —1, and thus 
also I = —1. Since dim(7£<; n = max{ — 1, + (rp — 2d)}, = and 

rp = lp it is enough to prove that, for k = 2d, vp < 2d — 1 and vp < — 1. 
These inequalities are equivalent to respectively v < —d and v < 1 — d, so 
it is sufficient to have v < — d. 

In case u > 0, we can make sure that in the last step c = 4, and we obtain 

v < -1 <{=>- m > d u < 1 - 2d. 

In case u = 0, we have c = 9 in the last step, and using the fact that 2d 7^ 1 
mod 3, a simple calculation shows that 

2d 

v < — 1 <^=^ m > — <^=^ v < 1 — 3d. 

□ 
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